Current induced transition of anisotropic quantum Hall states 
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We compare the energies of the striped Hall state and the anisotropic charge density wave (ACDW) 
state at half-filled third and higher Landau levels in the system with injected currents. With no 
injected current, the ACDW state has a lower energy. We find that the striped Hall state becomes 
the lower energy state when the injected current exceeds a critical value. The critical value is 
estimated as about 0.04-0.05 nA. 

PACS numbers: 73.43.-f 



One of the most fascinating states in the quantum 
Hall system is a highly anisotropic state. The highly 
anisotropic state has been found around half-filled third 
and higher Landau levels (LLs) in ultra-high mobil- 
ity samples at low temperature 0, 0]. The state re- 
veals highly anisotropy in the longitudinal resistivity 
p xx and p V y. In the experiments at the filling factor 
v = 9/2, p xx is about 1000f2 while p yy is about sev- 
eral f2 at low temparetures of order tens of mK. In 
this state, no quantized plateaus in the Hall resistiv- 
ity p xy have been found. While several states have 
been p_ropqsed_to explain the experimental results so far 
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open problem which state is realized in the experiments. 

We focus on two Hartree-Fock (HF) states among 
them. One is a striped Hall state and another is an 
anisotropic charge density wave (ACDW) state. The 
striped Hall state is a unidirectional charge density wave 
state Q and is a gapless state with an anisotropic Fermi 
surface [H, 13 (Fig. [TJ Fig. gj). The ACDW state is a 



FIG. 1: Left: Density modulation of the striped Hall state at 
the half-filled third LL. The uniform part is subtracted. The 
density is periodic in the a-direction and uniform in the in- 
direction (stripe direction). The injected current flows easily 
in the stripe direction. Right: Energy spectrum of the striped 
Hall state at the same filling. It is uniform in the p^-direction. 
The BZ is \pi\ < tt and Ef is a Fermi energy. 
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state which has the similar CDW order perpendicular to 
the stripe direction as the striped Hall state, but in addi- 
tion has the density-wave modulation along stripes (Fig. 
[2]) . The density modulation along stripes results in an en- 
ergy gap. These properties suggest that the anisotropic 
state is the striped Hall state since the anisotropic lon- 
gitudinal resistivity and the un-quantized Hall resistivity 
are naturally explained by the anisotropic Fermi surface 
[HI Ell > while it is difficult to explain these experimental 
features with the ACDW state because of the energy gap. 
However it has been pointed out that the striped Hall 
state is unstable within the HF approximation to forma- 
tion of modulations along stripes so that the ACDW state 
is the lower energy state 0] . This has been an enigma as 
to the anisotropic states. 

In this paper, we study energy corrections due to in- 
jected currents flowing in the stripe direction for the two 
HF states. The effect of the injected current has not been 
taken into account in the previous studies. The density 
modulations along stripes shown in Fig. [2] suggest that 
the effect of the injected current becomes larger in the 
ACDW state. When the current is injected, charges ac- 
cumulate around both edges perpendicular to the current 
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FIG. 2: Left: Density modulation of the ACDW state at 
the half-filled third LL. The uniform part is subtracted. The 
density is modulated along stripes. Right: Energy spectrum 
of the ACDW state at the same filling. It depends on p x 
weakly and the spectrum at p x — is plotted. The BZ is 
reduced to \p y \ < tt/2 due to the modulations along stripes 
and the two bands are formed. 



flow with the opposite sign as in the case of the classical 
Hall effect and the accumulated charges cause the energy 
enhancement via the Coulomb interaction. We calculate 
this type of energy corrections for the present HF states 
and find that the energy correction for the ACDW state 
is larger than that for the striped Hall state. 

Let us consider the two-dimensional (2D) electron sys- 
tem in the x-y plane with an external magnetic field B 
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in the z-direction. The spin degree of freedom is ignored 
and the natural unit (K = c = 1) is used in thi s paper . 
In the von Neumann lattice (vNL) formalism 17], llq 
which is suitable for studying spatially periodic states, 
the present system is represented as a 2D lattice system 
and a momentum is defined in the Brillouin zone (BZ). 
We use the rectangular vNL base with a vNL asymmetry 
parameter r s in the following calculation. The electron 
field operator is expanded by the vNL base as 



BZ 



d 2 p 
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where I denotes the LL index, bi (p) is the anti-commuting 
annihilation operator with momentum p defined in the 
BZ (|pj| < 7r), and (x|/ ; <g> (3 p ) is given in Ref. [3. The 
momentum state is the Fourier transform of the Wannier 
basis of the vNL which is localized at x = a(r s m, n/r s ), 
where to, n are integers and a = y^2ir/eB is a vNL con- 
stant. We set a = 1 unless otherwise stated. Note that 
the number of vNL unit cells is equal to the number of 
states within one LL. In the Zth LL Hilbert space, the 
kinetic term is quenched and the Hamiltonian is given 
by the projected Coulomb interaction 
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V(k) = ^f (k^0,q 2 = ^-), V(0) = 0, (2) 

where the colons represent normal ordering with respect 
to creation and annihilation operators, e is the dielectric 
constant, and pi(k) is a projected density operator. pz(k) 
is represented by the vNL base as pi(k) = F;(k)p;(k) 
where Fj(k) = e~ k / 87r i^(fc 2 /47r) (Ltf is a Laguerre poly- 
nomial) and 



P/(k) = 
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(3) 



Here k = (r s k x , k y /r s ). 

Striped Hall state. — The Hamiltonian ([2]) has been di- 
agonalized self-consistently in the HF approximation for 
the striped Hall state and the ACDW state. We con- 
centrate on the case of the filling factor v = I + v* with 
v* = 1/2. The striped Hall state is obtained by assuming 



(Pi(k)) stripe = M N x)(2TT) 2 5(k x 



2-kN. 



ro 



-)5(k y ), (4) 



where N x is an integer, ro is the period of the density 
in the x-direction, Ai(N x ) is an order parameter deter- 
mined self-consistently, and A/(0) = v* . Note that the 
density ([4]) is uniform in the y-direction in the coordinate 
space as shown in Fig. [TJ The HF Hamiltonian is diag- 
onalized self-consistently by taking r s = ro. Ai(N x ) = 
(— l) Nm sm{v*irN x ) / ttN x is a self-consistent solution and 
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FIG. 3: Fermi sea of the striped Hall state at half-filling in 
the case that the stripe direction faces the y-direction. The 
occupied state is represented by the dark region. The Fermi 
sea has the inter-LL energy gap in the p^-direction and is 
gapless in the p H -direction. 



the resulting state has the Fermi sea, \p x \ < tt and 
\p y \ < ttv* which gives the anisotropic Fermi surface 
(Fig. [31) 0, HH. Since the anisotropic Fermi surface 
has the inter-LL energy gap in the p^-direction and is 
gapless in the pydirection, the striped Hall state would 
have the anisotropic longitudinal resistivity. The total 
energy depends on r s and the minimum energy per par- 
ticle is given by -0.3074 (r s = 2.474) for I = 2 and 
-0.280 {r s = 2.875) for I = 3 in units of q 2 /l B , where 
Ib = y/l/eB is the magnetic length. 

ACDW state. — The ACDW state is obtained by as- 
suming [l^l 

(pi(k))ACDW = ]T A i (Q J v)(27r) 2 ,5 2 (k - Q N ), (5) 

N 

where Qjv = {2TrN x /r 0xi 2iiN y /r 0y ), r 0x and r 0y are 
the periods of the density in the x-dircction and the y- 
direction respectively, Aj(Qjv) is an order parameter de- 
termined self-consistently, and A/(0) = v* , The density 
modulations in both directions generate the energy bands 
and the BZ is reduced to a smaller BZ as shown in Fig. [2] 
The direction with a shorter period of the density modu- 
lation is referred to as stripe direction of the ACDW state 
in this paper. We concentrate on the case of v* = 1/2. 
The HF Hamiltonian is diagonalized under the assump- 
tion ([5|) by taking r s = ro- Since the number of ACDW 
unit cells is equal to the number of electrons within one 
LL, the area of the ACDW unit cell is just twice as large 
as the vNL unit cell. Hence the self-consistent solution 
gives two energy bands and the BZ is reduced to the half 
size of the original BZ, \p x \ < tt and \p y \ < tt/2. The 
total energy depends on r s and the minimum energy per 
particle is given by -0.3097 (r s = 0.82 or 2.44) for / = 2 
and -0.2814 (r s = 0.70 or 2.86) for I = 3 in units of 
Q 2 /Ib, where there are two values of r s at each LL due to 
the 7r/2-rotational symmetry. The magnitudes of energy 
gaps are 0.2470 for / = 2 and 0.1967 for I = 3 in units of 
q 2 /l-B- These values are estimated as of order 10K for a 
few tesla in terms of temperature while experiments for 
the anisotropic states have shown the anisotropic longi- 
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tudinal resistivities at much lower temperatures than the 
energy gap of order tens of mK. Therefore it is difficult to 
explain the experiments with the ACDW state. However 
the energy of the ACDW state is slightly lower than that 
of the striped Hall state at each LL (the energy differ- 
ences AE are 2.3 x 1(T 3 for I = 2 and 1.4 x 1(T 3 for 
I = 3 in units of q 2 /Ib)- This was one of the remained 
issues for the anisotropic states. 

Energy corrections due to current. — Next we take into 
account the effect of the injected current on the present 
two HF states and calculate energy corrections due to 
current. The lengths of the 2D electron system in the 
x-direction and the y-direction are set to L x and L y , re- 
spectively. We consider the small static current flowing 
in the stripe direction which is set to the y-direction and 
depending only on x. The injected current generates the 
deviation of the electron density 8p(x) from the origi- 
nal value in the HF state which also depends only on 
x and gives the energy correction via the 2D Coulomb 
interaction between the deviated charges. This energy 
correction is given by 



TABLE I: Values of the coefficient C in units of nA 2 and 
the critical current Ic in units of nA. 





Cstripe 


Cacdw 


Ic 


9/2 


144.7 


146.1 


0.040 


11/2 


109.9 


110.7 


0.053 


13/2 


87.44 


88.08 


0.047 



hi(L x /j)), and Rh = l/o4y is the Hall resistivity [20j | . 
Note that 7 has the dimension of length and is very 
small for the magnetic fields of order several tcsla, e.g., 
if e = 13eo and m = 0.067m e (these arc parameters in 
GaAs), then 7 is of order 10~ 8 m. For the integer quan- 
tum Hall states with (3 = 0, the potential distribution ([7]) 
becomes the same form as that obtained by MacDonald 
[21"! and other authors 



24j. The charge 



et al. [21| and other authors [22j, |2c 
distribution obtained from Eq. Q reveals the accumula- 
tion of charges around the both edges with the opposite 
sign. Substituting Eq. ([7]) into Eq. ([6]) and performing 



SE 



L A- 



W 2 



dxdx'6p(x)ki\x-x'\5p(x'). (6) 5E[I] = Cxi 2 f- 



the x-integration, we obtain the final result as 

/re ln(2/6) 



-Lx/2 



C = 



1 



The deviated charges generates a potential ao(x). The 
current distribution (j y (x)} and Sp(x) are related with 
a (x) as (j y (x)) a = -a X yd x a (x) and (-e)dp(x) = 
2irejd 2 ao(x) in the long wave length limit. Here 7 = 
(1 + [3\f~B jv)a x V y /2neuj c (a x "J = e?vj2-K is a Hall con- 
ductance) and (3 is zero for the striped Hall state and 
finite for the ACDW state ■ In the case of the integer 
quantum Hall state, /3 becomes zero. The values of (3 
for the ACDW state are 0.472 for I = 2 and 0.581 for 
I = 3 in units of (tesla) -1 / 2 . The origin of the finite (3 for 
the ACDW state is the density modulation along stripes. 
When the current flows in the stripe direction, the devia- 
tion of the electron density occurs perpendicularly to the 
stripe direction. The Fermi surface of the striped Hall 
state has the inter-LL energy gap in the perpendicular 
direction to the stripes so that (3 becomes zero as in the 
case of the integer quantum Hall state. On the other 
hand, the ACDW state has the intra-LL energy gap in 
addition to the inter-LL energy gap. This intra-LL effect 
gives additional corrections. Our study has shown that (3 
becomes larger as the magnitude of the intra-LL energy 
gap becomes smaller. Since the energy gap of the ACDW 
state is caused by the density modulation along stripes, 
the finite (3 is the result of the density modulation along 
stripes. oq(x) is approximately given by 



If 
(8) 



ao(x) = a In 



L x /2 



L x /2 



for M<^-7, (7) 



with a linear extrapolation of ao to ±IRh/2 in the in- 
terval within 7 from the edge, where a = IRh/2(1 + 



where b is a dimensionless constant given by b = 

7 /(W2)(« 1). 

The energy correction ([5]) depends on the magnitude 
of the total current, the filling factor, and experimental 
parameters. Since the actual filling factor includes the 
spin degree of freedom, we use is cx = 21 + v* for lower 
spin bands and v cyi = (21 + 1) + v* for upper spin bands 
instead of v. We use e = 13eo, m = 0.067m e , n e = 
2.67 x 10 15 m, and L x = 5 x 10~ 3 m ( referred to as Lilly's 
parameters). These parameters have been used in the 
experiment by M. P. Lilly ct al.[lj. Substituting Lilly's 
parameters into Eq. ([5]), the values of the coefficient 
C are given as shown in Table HI Including the energy 
correction due to current, the energy difference between 
the striped Hall state and the ACDW state is given by 
(Fig. gj) AE[I] = -AE + (Cacdw - C stripc )( g 2 // B ) X 
(/[nA]) 2 . The signs of Ai?[7] change at the critical values 
of current I c . The critical values are about 0.04-0.05 nA 
(Table [TJ) . The current used in the experiments [l], Q is 
above 1 nA and is much larger than the critical value. 
Hence the striped Hall state becomes the lower energy 
state and should be realized in the experiments. 

In summary, we have investigated the effect of the in- 
jected current on the striped Hall state and the ACDW 
state. The injected current flowing in the stripe direc- 
tion has been considered. It is found that the charge 
accumulation occurs around the both edges with the op- 
posite sign and the accumulated charges give energy cor- 
rections via the Coulomb interaction. The energies of 
the two HF states including the energy corrections due 
to current have been compared. In the system with no 
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FIG. 4: Energy differences AE[I] between the striped Hall 
state and the ACDW state. The results at v = 9/2, 11/2, and 
13/2 are shown. When AE[I] is positive, the striped Hall 
state has lower energy. 



injected current, the ACDW state has slightly lower en- 
ergy than the striped Hall state. We found that the en- 
ergy of the ACDW state increases faster than that of the 
striped Hall state as the injected current increases. The 
naive expectation suggested from the density modulation 
along stripes has been verified. Hence the striped Hall 
state becomes the lower energy state when the current 
exceeds a critical value. The critical value is estimated 
as about 0.04-0.05 nA, which is much smaller than the 
current used in the experiments. Our results suggest that 
the striped Hall state is realized in the experiment rather 
than the ACDW state and the ACDW state is realized if 
the experiment is done with a current smaller than the 
critical value. 
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